Abstract
Extreme Cases of the Pore Structure: Wiener Bounds

121
The permittivity of a porous medium can be calculated by considering a unit cell 122 in which a repeating layered structure is used to reflect the pore structure. In this
123
representation the pore space is described as air layers that are separated by solid matrix 
132
The relative capacitance of the serial (C L ) and parallel (C U ) configuration can thus 5 be calculated by
C U = C 0,U + C S,U .
In general a capacitance is defined as C = ε A w with ε, A, w as the permittivity of the dielectric medium between the two plates, the area of the conductive plates and the distance between the two plates, respectively. Figure 1 depicts only the dimensions that deviate from unity and therefore either the area of the conductive plates or the distance between the two plates is assumed to be unity. A unit length represents the amplitude of the E vector. Furthermore, the influence of the x − y geometry of the tablet on the terahertz measurement is negligible as the cross-section of the beam is much smaller than the dimensions of the tablet (i.e. the diameter of the tablet). In other words, the electric field decays in a distance much less than the radius of the tablet so that the dependence on the lateral geometry is negligible. The capacitance in the Eqs. 1 and 2 as well as in Figure 1 can thus be defined as C 0,L = ε 0 1 f , C s,L = ε s 1 (1−f ) , C 0,U = ε 0 f and C s,L = ε s (1 − f ). The intrinsic permittivity ε s is a material property and it refers to the skeletal material of the particle, i.e. the permittivity of the material in the absence of any intraparticle pores. ε 0 = 1 is taken to approximate the permittivity of ambient air (ε = 1.0006). The extreme cases, Eqs. 1 and 2, can now be expressed in terms of their permittivities as
with ε L = C L and ε U = C U . Eqs. 3 and 4 are well known as the lower and upper limits Wiener bounds (ε L ≤ ε eff ≤ ε U ) for arbitrary shapes of the pores and the solid material.
136
As outlined above, the Wiener bounds represent the extreme cases of either a fully parallel or in series arrangement of the solid material and the pores. However, in reality
Figure 2: Representation of the two cases as electric circuits. The ideal permittivity, ε ideal , is given by the underlying model (e.g. effective medium theory, ZPA) used to relate n eff from the terahertz measurements to the porosity. x L and x U are fractional dimensions to express C idela , C L and C U as a function of their respective permittivities.
the pore architecture in a pharmaceutical tablet forms a complex structure that can be approximated by a combination of parallel and serial circuits (Figure 1 ). Bawuah et al.
(2016a) used the concept of Wiener bounds and adapted a model from effective heat conductivity (Krischer and Kast, 1978) to study the structure of pharmaceutical tablets.
The effective permittivity was used in conjunction with both the upper and the lower bound permittivities of the Wiener limits model to derive a structure parameter (S) for porous pharmaceutical tablets:
Alternative Definition of Structural Parameter
137
The S parameter as defined in Eq. 5 strongly depends on the porosity and it is thus 138 limited to study structural changes of samples of the same porosity. We therefore propose 139 an alternative definition, the S a parameter, which enables the comparison of structural 140 changes for samples with different porosities.
141
This reused structural parameter S a is defined to be 0.5 for the case of a completely 142 random arrangement of solid material and pores. This means that the measured ε eff is 143 equal to the theoretical/ideal permittivity, ε ideal . ε ideal can be calculated from the known 144 porosity, f , and the intrinsic permittivity, ε s , of the material using either an effective 145 7 medium approximate (EMA) or ZPA. The proposed S a model considers two cases: i) ε eff < ε ideal , and ii) ε eff ≥ ε ideal (Figure 2 ).
147
The effective permittivity is represented by the ideal permittivity in conjunction with either a serial (Case I) or a parallel (Case II) arrangement as the boundary of each extreme case (Figure 1 ). In Case I this leads to
Case II can be expressed as
x L and x U are the fractional dimension of the representative capacitors. These fractional dimensions range from 0 to 1, where 0 yields ε eff = ε ideal and 1 corresponds to the extreme case. The S a parameter combines these two cases by
Consequently, S a ranges from 0 to 1 and it indicates the degree of parallel and serial
148
arrangements of pore/solid material structures in a sample.
149
Rather than in transmission, the S a as well as the S parameter can also be applied to 
Multi-Phase Systems
157
The S a and S parameters, as defined above, can be applied to reflect the arrangement of the pores in more complex tablet matrices. For a formulation of J constituents in the 8 powder compact, J solid materials are considered in the calculation of the Wiener bounds using the general definition:
xj εj (9)
with x j as the fill fraction of component j. Using Eqs. 9 and 10 to determine the S a pa-158 rameter allows to study the arrangement and structure of all components including pores.
159
This, however, does not enable the dissociation of the pore/solid material arrangement 160 from that of the different components to each other and to the pores.
161
In order to study only the arrangement of the pores with respect to the solid phase,
we propose to consider all solid constituents as one solid material, which is described by the lumped intrinsic permittivity, ε s,lumped . The lower and upper bounds are thus defined as As discussed above, the Wiener bounds are used to gain insights into the anisotropic structure of pharmaceutical tablets. The S a and S parameter depend on how close the upper and lower bounds of the Wiener limits are to each other and how they are related 9 to the porosity. The maximum separation of the Wiener bounds for two-phase compacts is studied on the basis of the function
Combining Eqs. 3, 4 and 13 gives
The maximum separation condition for the Wiener bounds can be determined by forming the derivative with respect to the porosity:
The porosity maximising the separation of the Wiener bounds, f max , can be calculated by setting F (f max ) = 0, which yields
We can now replace the permittivity by the refractive index (n s = √ ε s ) in Eq. 16
and f max can then be expressed as
Eq. 17 gives the porosity which maximises the separations of the Wiener bounds for a two-phase system and also for a multi-phase system as described by Eqs. 11 and 12. This can be confirmed by forming the second derivative F (f ):
This inequality is always true as ε s > 1, which confirms that Eq. 17 yields a maximum. tablets in general and the anisotropic pore structure in particular.
175
The porosity was calculated by relating the bulk density, b , to the known true density, t , of the used materials:
The bulk density of flat-faced tablets (first two sets of samples, M01 and M02) was where H fill and V cup are the fill depth and the tablet cup volume, respectively.
180
The first set of samples (henceforth referred to as M01) consisted of pure func- (PuuMan Ltd, Kuopio, Finland), where each flat-faced tablet had a diameter of 13 mm.
193
Another set of samples consists of 18 batches from a production-scale design of ex-194 periments (DoE) ( Table 3 ). The tablet formulation was kept constant throughout all chamber, which was purged with dry nitrogen gas. 60 waveforms were co-averaged and 211 the total measurement time was about 1.5 min for M01 and M03. n eff was determined samples M02 were measured using a custom-built terahertz spectrometer as described in The S a parameter was calculated for a range of n eff covering porosities of the porous 223 medium from 0-1 and using the intrinsic refractive indices of FCC and MCC (Figure 3 ).
224
The discontinuity at S a = 0.5 is by definition the transition point between the two cases, It is therefore important to understand the dependence of the porosity, f , and the in- 
S a Parameter of the Different Materials
251
The effective permittivity, ε eff , and thus the effective refractive index, n eff , always lie 252 within the upper and lower limit of the Wiener bounds ( Figure 5 ). The ideal refractive 253 index was calculated from the model used to relate n eff and f as well as to determine n s .
254
Here, we employ two different models for this purpose: the anisotropic Bruggeman EMA
255
(AB-EMA) and the ZPA. The used models as well as the intrinsic refractive index values 256 are summarised in Table 4 for the three different sets. Besides the use of these models 257 to determine the intrinsic refractive indices and to predict the porosity from terahertz 258 measurements, they were utilised to calculate the ideal refractive index required for the 259 calculation of the S a parameter.
260
The AB-EMA was applied for M01 and M03 as it outperformed other EMA models
261
as well as ZPA due to the fact that it accounts for a non-spherical shape of the inclusions the AB-EMA model was only slightly better than when using ZPA.
271
The M02 set consisted of several batches with varying porosity, thickness and API concentration. Since these samples are three-phase systems, the MCC and API particles were considered as one solid material. The lumped intrinsic refractive index, n s,lumped ,
is not a constant for these samples as they vary in their composition (batches B03 and B04). The dependence of n s,lumped on the API concentration, φ, is accounted for by
n s,API and n s,MCC are given in Table 4 and they were determined by the ZPA for a was thus constant across all 18 batches.
280
The S a parameter of the M01 samples reveals that the structure changes with in- Table 4 . The results of a three-phase system (M02 samples) are depicted in Figure 7 . Only Porosity predicted from the terahertz measurements, f THz , as a function of the porosity determined by Eq. 19, (b) and (c) depict the Sa parameter depending on the porosity and the granule density, respectively. AB-EMA was used to determine the intrinsic refractive index of the lumped solid material (n s,lumped = 1.74). AB-EMA, adopting n s,lumped was also applied to calculate f THz and Sa.
one parameter was varied at a time for the batches M02-B01 (porosity, Figure 7a ), ). This is mostly attributed to the significantly 299 different particle size of indomethacin (≈13µm) compared to that of MCC (≈50 µm).
300
The increase in the API concentration thus causes a bimodal particle size distribution. It Moreover, the most significant changes in the pore structure were observed when 307 altering porosity, tablet thickness and API concentration simultaneously (Figure 7d-f) . be controlled by one single variable and it is the result of the initial particle properties 312 as well as the process settings.
313
The M03 batches were produced for a production-scale DoE with its main objective 314 to study the impact of three granulation states and one compaction factor on the dis- This study also revealed that there is a good correlation between the terahertz effective 319 refractive index, n eff , and the solid fraction, i.e. porosity calculated from the true density values of each constituent and the bulk density (Eq. 19). The anisotropic Bruggeman model was used in this study to compute the porosity from the terahertz measurements, f THz (Figure 8a) . Even though the range of porosities between samples is very small 323 (< 0.18) and the formulation is highly complex (four excipients and one API), the cor- 
337
The data suggest that the degree of fragmentation of the granules increases with and pores, whereas more dense granules cause a highly parallel arrangement of the two 345 phases. The highly dense granules have a preference to deform rather than fragment and 346 thus keep their integrity to some extent during compaction. Consequently, the tablet 347 can be described as a large aggregate of the original granules.
348
The total pore space is therefore constructed by the structure between and within 
367
The results of the second set of samples (set M02) revealed that a change in the The analysis of the pore structure of the complex formulation (set M03) indicated that 373 a high granule density causes a significant change in the pore structure, i.e. the pores and 374 solid material structure exhibits a parallel arrangement for granules with high density.
375
This strong correlation between the pore structure and the granule density supports the 376 conclusion from the formulation M02 that material properties considerably impact the 377 pore architecture. This study clearly demonstrates that the particle size and granule 378 density are of particular importance for the configuration of the pores in the finished 379 product. However, we want to stress here that the pore structure cannot be controlled
